Complex coefficients
These results are proved following the corresponding arguments for upper polynomials. The main difference is the disappearance of minus signs for H(C). We have interlacing for both H(C) and U (C); later we will see there is another kind of interlacing when all the coefficients are real. Note that interlacing is symmetric for stable polynomials.
if and only if
where f e (x) (resp. f o (x)) consists of all terms of even (resp. odd) degree. Then
is the sum of all terms with highest total degree.
is an stable polynomial of degree n.
(1) f H (x) is a stable homogeneous polynomial.
(2) f H is the limit of stable homogeneous polynomials such that all monomials of degree n have non-zero coefficient. Proof. Suppose f (x) has degree n. We can write f (x) as a limit of f ǫ (x) where f ǫ is stable, and all coefficients of terms of degree at most n are nonzero. Since the signs of a stable polynomial in one variable are all the same, an easy induction shows that all coefficients of f ǫ have the same sign. Taking limits finishes the proof. Proof. If f (x, y) = a + bx + cy + dxy = 0 where x = r + ıs then
If r + ıs ∈ RHP then r > 0 so ℜ(y) ∈ RHP. Thus f (x, y) can not have both x, y in the right half plane, so f is stable.
There are constructions of polynomials in H and H(C) using determinants, and they follow from the corresponding results for U.
Fact 6.
Suppose that A is skew-symmetric, S is symmetric, and all D i are positive definite.
Next we introduce polynomials that share the properties of both stable and upper polynomials.
In one variable, P + 1 consists of all polynomials with all real roots, no positive roots, and all positive coefficients. Here's an example of a polynomial with positive coefficients that is not in P + 2 . Let f (x, y) = x(x + 3) + y (x + 1)(x + 2). The roots of f (x, 1 + ı) lie in the second and third quadrants, so f (x, 1 + ı) ∈ U 2 (C), and hence is not in P 
Fact 7.
(1) e x·y ∈ H 2d (C) and
Example 1. The Hadamard product of f (y) and g(x, y) is given by
The linear transformation exp :
This follows from the above since the generating function f (x, y) of exp is g(xy) where
This is in H(C), so we have a map P
. It is surprising [8] that the Hadamard also maps H 1 × H 1 −→ H 1 .
Fact 8.
Suppose that f (x, y) is a polynomial, and define T (g) = f (x, ∂ y )g. The following are equivalent.
(
Positive interlacing
If f H ←− g then f + σg is stable for all σ in the right half plane. If we restrict ourselves to just the real numbers in the right half plane we get positive interlacing.
if and only if f (x) + r g(x) ∈ P + for all r > 0
if and only if f (x) + r g(x) ∈ H for all r > 0
Clearly both (1) If f, g ∈ P + and there is an h such that h
Here are some elementary properties of (
Proof. The only ones that need any proof are the implication failures.
, g = 1 and t > 0 then f + tg = x 2 + t ∈ H, but it is easy to check that x 2 + y ∈ P
The above example also shows this, since
If we let f = x(x + 3) and g = (x + 1)(x + 2) then f P ∼ g. However, we have seen that f + yg ∈ P + 2 .
Fact 11.
Proof. Since y 2 + t ∈ H for positive t, we know ∂ 2 y + t preserves H. We first differentiate k times, yielding a polynomial in H. The constant term of
is in H, which proves the first part. For the second part we multiply by yz + t where t ≥ 0 and consider the coefficient of yz. The third part follows from first part and the expansion (f + yg)(xy + 1) = f + y(g + xf ) + xg y 2 Next, we compute
and the conclusion follows as above.
Properties of one variable
In this section we assume d = 1. When we restrict ourselves to one variable there are some useful techniques for showing interlacing holds. We let Q i denote the i'th quadrant.
Fact 12.
←− g then we take f to be monic, and we can write f = (x + r i ) and g = a i f /(x + r i ) where r i and a i are non-negative. If σ ∈ Q 1 then (g/f )(σ) = a i /(σ + r i ) ∈ Q 4 , and so (f /g)(σ) ∈ Q 1 .
If f +tg ∈ P + 1 for all positive t then f and g have a common interlacing [6] , so there is an h satisfying h ←− f and h ←− g.
. By the first part (h/f )(σ) ∈ Q 1 and (g/h)(σ) ∈ Q 4 , so (f /g)(σ) ∈ RHP.
The last one follows from the previous ones.
Fact 13.
is stable.
Proof. The first one follows from Fact 12(4) since
by Fact 12 (3) . For the next one, write f = (x + r i ) and g = a i f x+r i where the a i are non-negative then
and this is in the lower half plane, so
Finally, we show that f (x)f (y) H ∼ B(x, y) by using the identity
. . is an orthogonal polynomial sequence. The Christoffel-Darboux formula states that
We can generalize the third part of Fact 13 in several ways. The proofs are similar to Fact 13 -write the desired determinant in terms of the parameters and simple geometry implies it satisfies the conditions for positive interlacing. 
